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f1(x) =
100
10−5 +
∑n
i=1 |yi|
,
[RTWﬂugW
yi = (xi − i+ 1) + yi−1 (y1 = x1)
f2(x) =
n∑
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(xi − i+ 1)√
i+ 1
.
¬OW½U|:»bnUXn§VW
f1(x)
|lmo~¼UXnmTnUXn§VW
f2(x)
|mo~
f3(x)
«&QRTWj@}begnU.TU jrÁ|leqRTuqWVWjrªegRTW
|lDj:¾@W rTmoh!egnjlmocªjbhVh!ouqcª|:e
x∗ = (0, 1, . . . , n− 1) «zQRTW.j@}begnU|K¾:|TWﬂczjr<egRoWﬂcgW#rTmoh!egnjlmocÁ|uqW
f1(x
∗) = 107
Â
f2(x
∗) = 0
|mo~
f3(x
∗) = 0
«
¬OW¦|@~T~buqWﬂcqc[egRoWﬂcgW#ncqcgTWﬂcª~bTW#eqjÄeqRTW#rs|@h+ezeqRo|:eÁnm}Tuq|@h+eqnhVWlÂTeqRTWﬂcgW¦|@cgcgTUX}beqnj@mocz|lmo~½cfnUX}Tn
Í>hV|:eqnj@moci¿jlo~mTjleªRTj@~nm®k@WVmTWﬂuq|lÝ«iQRTW.UX|lnmUjlegn¾:|:egnjlm½jlr<egRTn¢cªugWﬂ}Dj@ufezn¢c[eqRo|:eÁW.[ncgR½egj
k@W!ei|ugWÀ|ncfegn¢hÁ¾dnWﬂ6jrKegRoW}DWﬂufrj@ugU|mDh!WÁjr*¡iyzcz|mo~,|¾lj@n~Ärs|¢cfWRTj@}DW@«
  
3,	ﬃ#!/!(*	#%¨   
)
Ë
Kﬃ)
ﬃ#"  	



¬OW#Ro|¾@W egWÀcxeqWﬂ~,ex¿j¡iyzcﬂÂ>®±zyz²g³ ´qµV¶q³K|lmo~t¸
x¹)º
£Ý~bW!e2|nWÀ~nmO_dWﬂh!egnjlm À¤!ÂDTmD~bWVu[eqRTW.k@WVm$
Wﬂuq|ln§ﬂ|egnjlmoc¿WªRo|¾@WzUXWVmHeqnj@mTWﬂ~«<¬°RonWÁegRTW mTj@mT§VWﬂugj¦jl}beqnU|cgjlbeqnj@m~bn¢~bm  ez|}T}>Wﬂ|lueqj| &FWﬂh+e
eqRTWÄh!j@md¾lWVuqklWﬂmoh!W@ÂFegRTWÄ|@cfadUXUXW!equgn¢hV|l<nmTnegn¢|n§ﬂ|:eqnj@m ugWÀcfTegWÀ~nm |}TuqWVU|:eqTugWhVjlmd¾lWﬂugk@WVmohVW.eqj|
mojlm$Õjl}beqnU|li¾:|TWl«

mo~TWVu| cgnk@R@eÄ}>WVugegougo|egnjlm&jr eqRTW®nmTnpeqn|ln§ﬂ|egnjlmÂ±zy
²q³ ´gµﬂ¶g³
rs|nWﬂ~«
¬°RonWªUXj@ugWªugj@TocfeﬂÂHt¸
x¹
º|lcgj#rs|lnWﬂ~ÄTmo~bWﬂu|.UXjluqWz}TuqjlmTj@TmohVWﬂ~cgRTnpráe[nmegRoWªnmTnegn¢|~bn¢cxequgnT$
eqnj@m«<tvWﬂ|@cfWcgWVWÁegRTW#|l}T}>WVmo~bn»Ärj@uegRTW¾:|n¢~T|:eqnj@mjlrKj@TunUX}TWVUXWVmHe2|:egnjlmDcjr*®±zy
²g³ ´qµV¶q³
|mD~
t¸
x¹
º<«
¬OWÍDuqcfeWV»b|lUXnmTW®±zyz²g³ ´qµV¶q³Õ«Ã¬OW>jluqugj:ruqjlU ﬁä4ﬃªeqRTWO}o|u2|UXW!eqWVu2cXegRD|:eugWÀcfTegWÀ~°nm
cgohﬂh!Wﬂcqc.|lmo~ UXjb~bnÍoWﬂ~ eqRTW,nmTnegn¢|~bn¢cxequgnTbeqnj@m« QRTW-}o|luq|lUXW!egWﬂuqcegRo|e¿WVuqWÄmTjleh2Ro|lmTklWÀ~ |uqW
eqRTW.~bnUXWVmocgnjlm
n = 10
Âo}>jl}To|egnjlm½cfn§VW
N = 2000
ÂTcq|UX}TW.cfn§VW
M = 1000
Âo|mD~TmHegu2|mocg|egWÀ~
¾@WVu2cfnjlmDc*jrrTmoh!egnjlmoc
f1(x)
Â
f2(x)
Âb|mD~
f3(x)
£[RTWﬂugW[eqRTWzj@}begnU.oU jbhﬂh!Tu2cv|:eegRTWª§VWﬂugj¾@Wﬂh+eqjlu+¤+Â
[Ronh2R½¿W¦~bWﬂmTjeqW.da
f˜1(x)
Â
f˜2(x)
Â|mo~
f˜3(x)
«Á¬©W¦nmHequgjb~bohVWﬂ~½|lm|lcgadUUXWVeguqnhﬂ|nmTnegn¢|n§À|:egnjlm
dah2RTjdj@cgnmok
µ0 = (2, . . . , 2)
|mo~
Σ0 = I,
egRTW¦n~bWﬂmHegnexa,U|eguqnp»«zQRTW#egWVuqUXnmD|:egnjlm©h!uqnpeqWVuqn|X|lc
cgW!eeqj :ŁoÂ @l-rTmoh+eqnj@m WV¾:|o|:eqnj@mocﬂ«Ä¬©W-}TugWÀcfWﬂmHeÁeqRTWÄUXWﬂ~Tn|lm |lmo~ cxe2|mo~o|u2~©~bWﬂ¾dn|egnjlmOjregRTW
ÍDmo|*¾:|TWXjregRTWÍTeqmTWﬂcqcÁrTmoh!egnjlmOnm |mOjlu2~bWVuqWﬂ~®}o|nuÁrjluqUX|eX£sUXWﬂ~bn¢|mÂﬀcxe2|mo~T|luq~©~bWV¾dn¢|:eqnj@mD¤+Â
[Ronh2R|uqWhV|¢h!o|egWﬂ~-ruqjlU l¦uqTmocﬂ«*tvWﬂ|lcgWcfWﬂWQﬀ|lTW@«
n = 10 f˜1(x) f˜2(x) f˜3(x)
±zy
²q³ ´gµﬂ¶g³
£fl« oÀTÂbT« @

Ł@¤ £xb« lŁ@ŁTÂbT«

@¤ £x d« l

ÂdT« ŁlŁ@@¤
QK|oW@¥)t*WVugrjluqU|mohVW|lmo|abcfn¢cﬀrjluv®±zyz²g³ ´qµV¶q³oTmo~TWVu|lmX|@cfadUXUXW!equgn¢hV|lbnmTnegn¢|n§ﬂ|:eqnj@mÂl~bWﬂUXjlm$
cfegu2|:eqnmok.rs|lnTuqWl«
ÎﬀÎ×%8
Àøfú+õ
Ł  
    




	 	4 

 
¬OWmojegn¢h!WÄegRo|e¦eqRTW-uqWﬂcgTeqcrj@u¦®±zyz²g³ ´qµV¶q³¿|lugWÄmoje¦j@}begnU|8«¬°RTnWcgjlUXW-UXnklRHe¦|uqkloW
eqRo|:e¦j@mTklWﬂuugTmDc-£[negR uqWﬂcg}>Wﬂh+e.egj®|½¢|uqklWﬂumHoU.>WVu#jlrWﬂ¾:|o|:eqnj@moc#|j:WÀ~o¤ªUnklRHe.uqWﬂcgTe.nm
|¨jl}TegnUX|lcfj@beqnj@mÂª|lmda¯}ougj@j@mTk@|egnjlmjlr#egRTW cfego~bnWﬂcuqWﬂcgTegWÀ~nm6mdTUXWVuqnhﬂ| WVuquqjlu2c-~bTW©egj
eqRTWXh!j:¾:|uqn|lmoh!W¦U|:eguqn»½|l}T}Tuqj@|@h2RTnmokegRTWX§ﬂWVuqj-U|:equgn»« 5TTugegRoWVuqUj@ugW@Â>egRTWugWﬂ|egn¾lW¦UX|lklmTnegD~bWﬂc
jlriegRoWeqWVuqUXnmo|egnjlm¨¾|loWjlriegRTW,ÍTeqmTWﬂcqc¦rTmoh!egnjlm&h!jlUX}o|lugWÀ~ [negR·eqRTW,egWﬂugUXnmo|:eqnj@m¨cfeq|mD~T|u2~
~TWV¾dn|egnjlm·jlr[egRTWÀcfW,¾:|TWﬂc¦}Tuqj:¾dn~bWWV¾dn¢~bWVmohVWÄeqRo|:eegRTW,jl}TegnUX|l[cfj@beqnj@m·[nmTjle¦>WuqWﬂ|@h2RTWﬂ~«
ZªmoWÄugWÀ|lcgjlmOrjlu#egRTW}TugWﬂU|:egougW-hVjlmd¾lWﬂugk@WVmohVW¦jlri®±ªy ²q³ ´qµV¶q³ nc#egRo|e¦ne¦|lc#cgnUX}TaOmTjeXh!j@cgW
WﬂmTjloklR,egj-hVjlmd¾lWﬂugk@Wl¥*nrv®±zy ²g³ ´qµV¶q³ cfeq|lufe2cicf hVnWﬂmHega-rs|luz|¿|aÄrugj@UegRoW.cfj@TegnjlmÂDWﬂ|lh2R½cfegWﬂ}
eqj:¿|luq~egRoWcgjlbegnjlm uqWﬂcgTpe2c#nm·|®~bn¢cxequgnTbeqnj@m [npeqR·Wﬂcqc#¾:|uqn|lmoh!W½£Ýcfnmoh!W-egRTW~bncfeguqnTbegnjlmDc.|:e
WÀ|lh2R½negWﬂuq|egnjlm|lugWrj@ugUXWÀ~rugj@U |ÍomTnegWXcq|UX}TWÀ¤ nmbrj@ugU|:eqnj@m½ncÁj@cfeÁ|eªWﬂ|@h2R®negWVu2|:eqnj@m«ªQRonc
¡iy­cgnUX}TaWV»bRo|ocfeqcinpe2c[nmTrjluqUX|egnjlm £n8« Wl«ÂTegRoW.h!j:¾:|uqn¢|mohVWÁU|eguqnp»,}TugWﬂU|:egougWﬂa-hVjlmd¾lWﬂugk@Wﬂcegj
eqRTW§VWﬂugjU|:equgn»o¤|lmo~rTugegRTWﬂu[}Tugj@kluqWﬂcqcn¢c[nUX}DjHcgcgnoW@«
¬OW©moW!»dehVjlmocgn¢~bWVu,|¼cgnUXn|lu}>WVugegTuqo|egnjlm&egj¯t¸ x¹)º |mo~6cfRTj:0eqRo|:e,npe½|¢cgj rs|ncﬂ«B¬©W
moj: >jluqugj: rugj@U ﬁ

ﬃvegRoWÄ}o|u2|UXWVegWVu2cªegRo|e#ugWÀcfopeqWﬂ~Onm·cgohﬂh!Wﬂcqc|mD~O|lk@|lnmOUXjd~TnpraegRTWÄnmTnegn¢|
~Tncfeguqnobegnjlm«¯¬OW½ugWVeq|nmTWÀ~·eqRTW½~bnUXWﬂmocfnjlm
n = 100
Â}Dj@}TT¢|:egnjlm&cgn§ﬂW
N = 50
Âcq|UX}TW,cgn§ﬂW
K = 25
Â<|mD~ WÀ|uqmTnmok®uq|egW
α = 0.01
«½¬OW,nmHeguqjb~bohVWﬂ~ |®UXjb~bnÍoWﬂ~·nmTnegn¢|~bn¢cxequgnTbeqnj@m [npeqR
UXWÀ|m
µ0 = (25, . . . , 25)
|mo~cfeq|lmo~T|luq~&~bWﬂ¾Hn¢|:eqnj@moc
σ0i = 1, ∀i
«­Q)j·>W©|locgjlbegWﬂa¯cfTuqW®jlr
eqRTWrs|nTuqW-jlrit¸
x¹
ºM|mo~·WVnUXnmo|:eqW-eqRTW-}>j@cqcfnTnnexa egRD|:e¦¿W~bn~¼mTjeWVe¦eqRTW|kljluqnegRTU
ugom
rj@u[|cg Äh!nWVmHeqaÄjlmok.eqnUXWlÂoWÁRo|¾lWÁW!»deqWVmo~bWÀ~ÄeqRTW egWﬂugUXnmo|:eqnj@mhVugnegWﬂugn¢|#eqjlÂ lloÂ @lÁrTmDh+egnjlm
Wﬂ¾:|o|:eqnj@mocV«KyikH|nmÂ¿W¿}ougWÀcfWﬂm@e*eqRTW[UXWﬂ~bn¢|mX|mo~cfeq|mD~T|u2~¦~TWV¾dn|egnjlmnm|lm¦j@uq~bWﬂugWÀ~#}o|lnu*rj@ugU|e
£sUXWﬂ~bn¢|mÂ@cxe2|mo~T|luq~.~bWV¾dn¢|:egnjlm>¤+Â[RTn¢h2R¦|lugW¿hV|lhVT|egWÀ~ruqjlU zugTmDcV«K¬©W[|lcgjz}TuqWﬂcgWVmHe<h!j@U}D|u2|TW
uqWﬂcgTeqcﬂÂdugWVeq|nmTnmTk¦egRTW U|:wxj@ugnexaXjr)eqRTW|>j:¾lWª}o|u2|UXW!eqWVu2c|lmo~jlmTaÄh2Ro|moklnmTk#eqRTW WÀ|uqmTnmok¦u2|:eqW
eqj
α = 0.1
« 5ojluXeqRTnchﬂ|lcgWlÂWj:Wﬂu.eqRTWegWﬂugUXnmo|:eqnj@m¨h!uqnegWVuqn¢|®eqj¼loÂ @l½Wﬂ¾:|o|:eqnj@mocX|mo~
}ougWÀcfWﬂm@eeqRTW#cxe2|:eqncfegn¢hVc¿rj@uz.uqTmocﬂ«*tvWﬂ|lcgW#cgWVWQﬀ|lTWT«
n = 100 f˜1(x) f˜2(x) f˜3(x)
t¸
x¹ﬀº
£
α = 0.01
¤ £ÝT« ll

Âbo« @lT¤ £lHŁD« dÂ>

« oÀ@¤ £ldŁo« @TÂHlo«äl ¤
t¸
x¹
º&£
α = 0.1
¤ £sT« lloÂbT« l@

¤ £ÝHo« DlÂ>@T« 

¤ £8oÀb«ä

Â

Łlo« @l@¤
QK|oWªT¥ﬀt*Wﬂufrj@ugU|mDh!Wz|lmo|abcfn¢c*rjlut¸
x¹
ºTmo~bWﬂu|m|lcgaHUXUXW!equgn¢hV|lTnmTnpeqn|ln§ﬂ|egnjlmÂd~bWﬂUj@mocfegu2|:e"
nmTkrs|nTugW@«
¬OW[cfWﬂWeqRo|:e*t¸
x¹
º,|¢cfjªrs|nWﬂ~eqjÁhVjlmd¾lWﬂugk@W<egjÁjl}TegnUX|lnexaTmo~TWVu<cfnUXn¢|uÀÂ:Tbe<UXjluqWWV»deguqWVUXWlÂ
nmTnegn¢|vhVjlmo~bnegnjlmDczeqj,egRTjHcfW¦egRo|eWXocgWﬂ~©nmOnmTnpeqn|ln§VnmTk,®±ªyi²q³ ´qµV¶q³Õ«X\Án¾lWﬂmeqRTWX¾lWﬂugan>WVu2|
eqWVuqUXnmo|egnjlm#hVjlmo~bnegnjlm)ÂﬂeqRTWVuqWvn¢cmTjÁ~bjlobeegRD|:eﬀt¸
x¹ﬀº
Ro|@crs|nWﬂ~«*QRTW~bn &FWVuqWVmohVWﬂcnm#U|k@mTnego~bW
>W!ex¿WVWﬂm egRTWvÍomo|lÍTegmoWﬂcqcFrTmoh!egnjlm#¾:|TW|lmo~ªegRTW¿h!j@uguqWﬂcg}Dj@mo~bnmTkcxe2|mo~T|luq~ ~bWﬂ¾dn|egnjlmoc|lugW*roufeqRTWVu
Wﬂ¾dn~bWﬂmoh!WzegRo|eicfohﬂh!WÀcgcnc¿mTjle¿}>j@cqcgnTWzomo~bWVu¿eqRTWﬂcgWªnmTnegn¢|h!j@mo~bnegnjlmocﬂ«*¬©W ~bjmTjeqWzeqRo|:et¸
x¹)º
n¢cÁUXjluqW¦uqjlTDcxeÁegRo|lm±zyi²q³ ´gµﬂ¶g³k@n¾@WVm½eqRTWXnmTnegn¢|vhVjlmo~Tnpeqnj@mocªegRo|ehﬂ|ocgWﬂ~®±ªyi²q³ ´qµV¶q³*egj
rs|ln8Â<t¸
x¹)º
Wﬂ|@cfna hVjlmd¾lWﬂugk@Wﬂ~©egj©egRTWjl}beqnU|lcgjlbeqnj@m«©y }T¢|ocgnoWugWÀ|lcgjlm rjlu¦egRonckluqWﬂ|egWﬂu
uqjloocxeqmTWﬂcqc<n¢cveqRo|:eegRTWªT}>~o|:egWªugoWÀc<rjlut¸
x¹)º
hVjlmHeq|lnmUXWﬂUj@ugaH[RTnWzegRTWimoWVcq|UX}TWiUXnk@R@e
RD|¾lWvnpegegW¾:|lugnW!exa@ÂVeqRTWj:¾@WVu2|¾:|uqn|lmoh!WncﬀU|nm@e2|nmTWﬂ~rugj@U eqRTW}ougWﬂ¾HnjlDcklWﬂmTWVu2|:eqnj@m«)QRTW¿cfU|l
¾:|lTWjregRTWXWﬂ|lugmTnmTk,uq|egW
α = 0.01
rTugegRTWﬂu#|l~T~TcªeqjeqRTWXugj@TocfegmTWÀcgcﬂ«  zj:Wﬂ¾lWVuÀÂ>egRTWXWﬂ|lugmTnmTk
àãKÎà
ê
 
	 

u2|:eqWjlmTa¦~bWﬂ|a@Wﬂ~¦egRoW[}TugWﬂU|:egougWihVjlmd¾lWﬂugk@WVmohVWeqj#| mTjlm$Õjl}TegnUX|locgjlbegnjlm @[RTnWi¾:|lugadnmTk
α
Â@egRTW
hVugnegn¢hV|l}o|u2|UXWVegWVu2cjrKegRTWnmTnegn¢|)~bn¢cfeguqnTTegnjlmrjlurs|nTugW uqWVU|nmTWÀ~ÄeqRTW#cg|lUXWTh« rx«QK|TW#b«
y^cgnUX}TWcxe2|:egWﬂUXWVmHe[ocfWVrTFrjluTmD~bWVu2cxe2|mo~TnmTk¦egRoWﬂcgWªrs|lnTuqWﬂc¿n¢c¿egRTWÁrjlj:[nmTkD¥  rKegRoWÁnmTnegn¢|
~TncfeguqnobegnjlmÄn¢ch!Wﬂm@eqWVuqWﬂ~UXj@ugWzegRo|lm-|rWﬂ6cxe2|mo~o|u2~Ä~bWV¾dn¢|:eqnj@mocvruqjlU eqRTWªj@}begnU|Fcfj@Tegnjlm£egRTW
mdTU¦DWﬂujrKcfeq|lmo~T|luq~Ä~TWV¾dn|egnjlmoc¿¾:|uqadnmok.daÄ¡iyÁ¤+Âbrs|lnTuqWª[njdhﬂh!TuÀ«<QRTWVuqWÁnc¿mTjXUXWﬂh2Ro|lmTn¢cfU
rj@u)>jdj@cfegnmTkz¾:|uqn¢|mohVWl«¬OW¿~TjzmTjlegWlÂÀeqRo|:eKrjluKDjlegR#®±zy ²g³ ´qµV¶q³ |lmo~t¸
x¹ ºvÂ:nrTWnmTnegn¢|n§VW[negR
|.~bncfeguqnTbegnjlm-egRo|eRo|@c|.cf ÄhVnWﬂm@eqaX¢|uqklWi¾:|lugn¢|mohVWzh!j@UX}Dj@mTWVmHeﬂÂ@egRoWﬂcgWz¡iyªc¿[n>cgohﬂh!WﬂcqcfrTa
hVjlmd¾lWﬂugk@Wl«¬OWªcgRo|lD}Tugj:¾dn¢~bWicgjlUXWzh!j@UX}Tbeq|egnjlmo|lTuqWﬂcgTpe2chVjlmohVWVuqmTnmokTmTWﬀHo|lonmTnegn¢|n§À|:egnjlmDcvnm
j@TuhVjlUX}o|u2|:eqn¾@Wicxeqo~banm,_dWﬂh!egnjlm-b«  m}Tu2|lh!egn¢h!W[eqRTWin¢cgcgTWz|lcgj.|lugn¢cfWÀcvh!j@moh!WﬂugmonmTk eqRTWﬀHTWÀcxeqnj@m
jlr<[Ro|:ezn¢cz|-cf ÄhVnWﬂm@e ﬀ@D|mHegnexa-jlr*¾:|lugn¢|mohVW[npeqR®[RTn¢h2RegjÄnmTnegn¢|n§ﬂWegRoW#¡iy.«  meqRTW.cgWﬀHTWﬂÝÂ
¿W [n)cgWVWÁegRD|:eijlou[mTWV ¡iy[nmojei>WWVmohVTU.>WVuqWﬂ~da|mdaÄcgoh2R½~bWVnDWﬂuq|egnjlmocﬂ«
  
3,	
 6!1#	[",ﬃ 	   ½   
yªcÁ¿|@cz}TuqWV¾dnjlocga,UXWﬂm@eqnj@mTWﬂ~Â>®±zy ²g³ ´qµV¶q³ [n<h!jlmd¾@WVuqklW#}TuqWVU|egTuqWVanpr¿nmTnegn¢|n§VWﬂ~[npeqR©|lm
|@cfadUXUXW!equgn¢hV|lD~bn¢cxequgnTbeqnj@mÄ[negR-uqWﬂcg}>Wﬂh+eegj.egRTWÁjl}beqnU¦TU« ij:¿WV¾lWﬂuﬂÂH|:e|#kln¾lWﬂmÄnegWVu2|:eqnj@mXegRTWﬂugW
n¢c[nmbrjluqU|:eqnj@m-eqRo|:ezhﬂ|m,DW#WV»b}Tj@npeqWﬂ~«vQRoWmo|:eqTugWjlr)eqRTncznmTrjluqUX|egnjlm,nciDWÀcxeiWV»d}o|lnmTWÀ~-[negR
|lmWV»T|UX}TW |lmo~,npe2c[h!j@uguqWﬂcg}Dj@mo~bnmTknDcxequq|egnjlmÂ 5KnklTuqWXl«
_do}T}DjHcfW¿W|mHeegj UXnmonUXn§VW,egRTW½cfeq|lmo~T|u2~¼cg}TRTWﬂugWrTmoh!egnjlm
f˜2(x)
nm¼ex¿jO~TnUXWVmDcfnjlmocﬂ«
Yj@mocgn~bWﬂuK|zU.Tegn¾:|uqn|egW¿mTjluqU|H~bncfeguqnTbegnjlmh!Wﬂm@eqWVuqWﬂ~#rs|uﬀrugj@U^egRTW¿jl}beqnU|ldcgjlbeqnj@m :nm 5Knk@TuqW
@ÂdegRTW j@}begnU.TUnc[|e£ÝTÂ @¤¿|mD~-¿WÁhVjlmocgn¢~bWVu[|mTjluqU|~bn¢cxequgnTbeqnj@m,hVWVmHegWﬂugWÀ~-|e£8bÂäl¤[negR,egRTW
n¢~bWﬂm@eqnpexaU|eguqnp»Ä|lcneqch!j:¾:|uqn¢|mohVW[UX|eguqnp»«*¬OWÁhVugWÀ|:egWÁ|#}>jl}To|egnjlmruqjlUBeqRTnc~bn¢cfeguqnTTegnjlm£egRTW
[RonpeqW|lmo~¨T|@h2Å¼h!nu2h!Wﬂcnm¨egRoWÍoklTuqWÀ¤¦|mD~¨cgWVWﬂh!eeqRTW®cq|UX}TWjlrzegRoW½DWÀcxeÄnmo~bn¾dn~bD|¢c¦[negR
uqWﬂcg}>Wﬂh+eÁegjegRoWcg}TRTWﬂugW¦ÍTegmoWﬂcqczromoh+eqnj@m¯£egRTWXT¢|lh2Å½h!nu2h!Wﬂc2¤+«¬OWmojegn¢h!W¦egRD|:eÁegRTWcgRo|}>W¦jlrvegRonc
cq|UX}TWzn¢ccfÅ@WV¿Wﬂ~ dne¿n¢cegRTn¢c¿nmTrjluqUX|egnjlmeqRo|:e¿Wª[nFWV»d}oj@npeÀ«*±zjeqWzeqRTW Wﬂ¾lWVFcgW!e[h!Tuq¾lWÁ|lcWﬂ
|@cÁnpe2c nmTWﬂ|lu|}T}Tuqj»bnU|egnjlm½nmeqRTWÍoklTuqWl« 5TTugegRoWVu mTjeqWegRo|eÁeqRTWcg|lUX}TWn¢c WVjlmTkH|:egWÀ~®|jlmok
eqRTWÄnmoWﬂ|u¦|}T}Tuqj»bnU|egnjlmjlregRTWÄWV¾@WVcgW!eh!Tuq¾lW@«yzc.WÄ~Tj®mTje#|mHeeqj½egu2|lhVWXegRTWÄWV¾@WVcgW!e
|lmo~Ä¿WÁj@T~Äuq|egRTWﬂu~TWﬂcqh!WVmD~-|kH|nmocfeneﬂÂdegRoWÁ~bnuqWﬂh+eqnj@m-nm-eqRTW cg|lU}oWÁ[RTWVuqWªegRTWﬂugWÁnceqRTWªWﬂ|@cxe
¾:|lugn¢|mohVWÁhVjluqugWÀcf}>jlmD~TcegjXegRoW#~bnuqWﬂh!egnjlm,}DWﬂug}>WVmD~bnhVT¢|uegjXeqRTWWV¾lWﬂcfWVe -|~TWﬂcqh!WVmHez~bnuqWﬂh+eqnj@mjlr
hVj@cfei~bWﬂhVugWÀ|lcgWlÂd[RTn¢h2Rnm,egRTn¢cihV|@cfW n¢c¿egRTWmoWVk@|egn¾lW jrﬀegRTWk@uq|@~bnWVmHe¿jlrﬀeqRTW ÍTeqmTWﬂcqc¿rTmoh!egnjlm«
¬°RTnWXegRTWX}TuqWﬂhVWﬂ~bnmTk,W!»T|UX}TW¦|lc |,cfnUX}TnpÍoWÀ~®ex¿j~bnUXWﬂmocfnjlmD|<|ocfegu2|lh!egnjlmÂFeqRTWXn~TWﬂ|nc
DcfWVrTDnm|lugonpequq|luga~bnUXWﬂmocfnjlm)«

m~bnUXWﬂmocfnjlm
n
ÂH¿Wª|lk@|lnmÄ|efeq|lnm|.cq|UX}TWz[RTn¢h2RÄ¿WzW!»b}>Wﬂh!eegj
>W#cgÅlWV¿Wﬂ~nmeqRTW#cgWVmocgWÁegRo|e[egRTWﬂugWn¢cnefeqW.¾|lugn¢|mDh!WÁnm½|~bnugWÀh+eqnj@mjlr*hVj@cfe[~TWﬂh!uqWﬂ|@cfW@«<ycfnUX}TW
|aegjÍomo~O|ÍomTnegWcgW!eÁjrhﬂ|mo~bn¢~T|egWX~bnuqWﬂh!egnjlmocª[negR[Ronh2Regjh2RTjdj@cgW¦|-~TWﬂcqh!WVmHe~bnugWÀh+egnjlmnc
eqjhﬂ|¢h!T¢|:eqW|m-Wﬂnk@WVmd¾:|TW ~bWﬂhVjlUX}DjHcfnegnjlmjrﬀegRTWh!j:¾:|lugn¢|mohVWzU|:equgn»ÄjrﬀegRTWcq|UX}TW jreqRTWDWÀcxe
M
nmo~bn¾Hn¢~bo|lcﬂ«<QRTWVm)Â@¿WzcgnUX}Tah2RojHjHcfW¿eqRTWzWﬂnk@WVmd¾lWÀh+egj@u<[npeqRXegRTWªcfU|WﬂcfeWVnklWﬂmH¾:|lTW 
	#

   

% *	% ,
 	 	% 
ÂﬀeqRTWÄWﬂnk@WVmd¾lWÀh+egj@u [npeqR egRTWÄcgU|WÀcxe#Wﬂnk@WVmd¾:|TW[nhVjluqugWÀcf}>jlmo~egj
eqRTW~TnuqWﬂh!egnjlm nm·egRoWcq|UX}TWÄRo|¾dnmok½egRTW,Wﬂ|lcfe.¾:|uqn¢|mohVWl«®¬OWh2RTjdjHcfWeqRTn¢c.Wﬂnk@WVmd¾lWÀh+egj@u#|lc¦jlTu
~TWﬂcqh!WVmHei~bnugWÀh+eqnj@m«

mOegRoWklWVmoWVu2|<cfWVefeqnmTkDÂeqRTnc.~bnuqWﬂh!egnjlmOUXnk@R@e#moje#h!j@uguqWﬂcg}Dj@mo~½eqjegRTWmoWVk@|egn¾lWklu2|l~bnWVmHe#|lc
j@TuzcgnUX}TW.WV»T|UX}TW.~bn¢~ oeqRTW¦~TnuqWﬂh!egnjlmegRD|:ez¿W#[nKocgW#[nKnm½k@WVmTWﬂuq|lDW~bn &>WﬂugWﬂm@ezegRo|lm½egRTW
moWVk@|egn¾lW jr*eqRTW#klu2|l~TnWﬂm@eÀ«¿_dnUX}TW.h!j@U}obeq|egnjlmo|l)cxeqo~bnWﬂczRo|¾lWh!j@mbÍouqUXWﬂ~egRTn¢czcfeq|egWﬂUWﬂmHeﬂ«¬©W
ÎﬀÎ×%8
Àøfú+õ
  
    




	 	4 

 
Direction of 
cost decrease
Level set curve
Linear approximation of the
            level set curve
= Selected individual
= Unselected individualfitness function = sphere function
Optimum = (0,0)
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